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Abstract 

We formulate general conjectures about the relationship between the A-model 
connection on the cohomology of a d-dimensional Calabi-Yau complete intersection 
V of r hypersurfaces Vy, . . . , V r in a toric variety Ps and the system of differential 
operators annihilating the special generalized hypergeometric function $0 depending 
on the fan E. In this context, the mirror symmetry phenomenon can be interpreted 
as the twofold characterization of the series <3?o- First, <3?o is defined by intersection 
numbers of rational curves in Ps with the hypersurfaces Vi and their toric degen- 
erations. Second, $0 is the power expansion near a boundary point of the moduli 
space of the monodromy invariant period of the homolomorphic differential d-form 
on an another Calabi-Yau d-fold V called the mirror of V. Using this generalized 
hypergeometric series, we propose a general construction for mirrors V' of V and 
canonical (/-coordinates on the moduli spaces of Calabi-Yau manifolds. 



1 Introduction 

In this paper we consider complex projective smooth algebraic varieties V of dimension 
d whose canonical bundles JCy are trivial, i.e. Ky — Oy, and the Hodge numbers h p '°(V) 
are zero unless p = 0, or p = d. These varieties are called d- dimensional Calabi-Yau 
varieties, or Calabi-Yau d-folds. For each dimension d > 3, there are many of examples 
of topologically different Calabi-Yau d-folds which can be constructed from hypersurfaces 
and complete intersections in weighted projective spaces 0, ||, 0, [22|j . 
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Physicists have discovered a fascinating phenomen for Calabi-Yau manifolds, so called 

Using the mirror symmetry, 



mirror symmetry 11, 16, 24 



|26|| . Using the mirror symmetry, Candelas et al. in || 
have computed the coefficients of the g-expansion of the Yukawa coupling for Calabi-Yau 
hypersurfaces of degree 5 in P 4 . The method of Candelas et al. was applied to Calabi-Yau 

and complete intersections in weighted 



3-folds in weighted projective spaces 
and ordinary projective spaces pi], E5| 



13, 29, 20 



The g-expansions for Yukawa couplings have been 



calculated also for Calabi-Yau hypersurfaces of dimension d > 3 in projective spaces [17 



The interest of algebraic geometers to Yukawa couplings is explained by the conjectural 
relationship between the coefficients of the g-expansion of the Yukawa couplings and the 
intersection theory on the moduli spaces of rational curves on Calabi-Yau <i-folds fT7| , [T8| . 
For small values of degrees, this relationship was verified in [19|. However, the main 
problem which remains unsolved is to find a general rigorous mathematical explanation of 
this relationship for rational curves of arbitrary degrees on Calabi-Yau ci-folds. 

The purpose of this paper is to show that the mirror symmetry and the calculation of 
the Yukawa couplings for d- dimensional Calabi-Yau complete intersections in toric varieties 
bases essentially on the theory of special generalized hypergeometric functions. We remark 
that these hypergeometric functions satisfy the hypergeometric differential system consid- 
ered by Gelfand, Kapranov and Zelevinsky in [[14]]. We propose also a general method for 
computing the normalized canonical g-coordinates. 

The paper is organized as follows: 

In Section 2, we give a review of the calculation of Candelas et al. in || of the coefficients 
I'd of the g-expansion of the normalized Yukawa coupling 



g 



q 



d>l 



q° 



The coefficients Td = njd 3 conjecturaly coincide with the Gromov-Witten invariants (in- 
troduced by D. Morrison in f31fl ) for rational curves on quintic hypersurfaces in P 4 . Our 
review is greatly influenced by the work of D. Morrison [p8, |29|, but we want to emphasize 
on the fact that the computation of the prediction for the number of rational curves on 
quintic 3-folds bases essentially on the properties of the special generalized hypergeometric 
series 

(5n)! n 



n>0 



nl 



which admits a combinatorial definition in terms of curves on P 4 . 

In Section 3, we explain a Hodge-theoretic framework for mirror symmetry and the 
ideas due to P. Deligne |T(J and D. Morrison |3(], [IT] The key-point of this framework is 



the existence of a new-type nilpotent connection on cohomology of Calabi-Yau manifolds. 
Following a suggestion of D. Morrison, we call it A-model connection (see also P7|). The 
mirror symmetry identifies the A-model connection on the cohomology of a Calabi-Yau 
(i-fold V with the classical Gaufi-Manin connection on cohomology of its mirror manifold 
V. 

Section 4 contains a review of the standard computational technique based on the 
recurrent relations satisfied by coefficients of formal solutions of Picard-Fuchs equations. 
We use this techique later in explicit calculations of g-expansions for Yukawa couplings for 
some examples of Calabi-Yau complete intersections in toric varieties. 
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Section 5 is devoted to complete intersections in ordinary projective spaces. Using 
explicit description of the series $>o(z) for Calabi-Yau complete intersections in projective 
spaces, we calculate the d-point Yukawa coupling and propose the explicit construction for 
mirrors of such Calabi-Yau <i-folds for arbitrary dimension d. 

In Section 6, we give a general definition of special generalized hypergeometric func- 
tions and establish the relationships between these functions and combinatorial properties 
of rational curves on toric varieties containing Calabi-Yau complete intersections. It is 
easy to see that these generalized hypergeometric functions form a special subclass of the 
generalized hypergeometric functions with resonance parameters considered by Gelfand et 
al. in P^| . We formulate general conjectures about the differential systems and canonial 
^-coordinates defined by the generalized hypergeometric series corresponding to Calabi-Yau 
complete intersections in toric varieties. Using a combinatorial interpretation of Calabi- 
Yau complete intersections in toric varieties due to Yu. I. Manin, we propose an explicit 
construction of mirrors. 

In Section 7, we consider in more details the example Calabi-Yau hypersurfaces V of 
degree (3, 3) in P 2 x P 2 . We use this example for the illustration of the general com- 
putational method we used in Section 8, where we calculate the g-expansions of Yukawa 
couplings for some Calabi-Yau complete intersections in products of projective spaces. The 
computations in this section were done by the second author using an universal computer 
program based on Maple. 

Acknowledgements. This work benefited greatly from conversations with F. Beuk- 
ers, P. Candelas, B. Greene, D. Morrison, Yu.I. Manin, R. Plesser, R. Schimmrigk, Yu. 
Tschinkel and A. Todorov. 

We are very grateful to D. Morrison whose numerous remarks concerning a preliminary 
version of the paper helped us to give precise references on his work, especially on the 
forthcomming papers |17|, [H]] 

We would like to express our thaks for hospitality to the Mathematical Sciences Research 
Institute where this work was supported in part by the National Science Foundation (DMS- 
9022140), and the DFG (Forschungsschwerpunkt Komplexe Mannigfaltigkeiten) . 

2 Quintics in P 4 

In this section we give a review of the (conjectural) computation of the Gromov-Witten 
invariants and predictions for numbers of rational curves of degree d on quintics V in 
P 5 due to P. Candelas, X. de la Ossa, P.S. Green, and L. Parkes ||. The main ingedients 
of this computations were considered in papers of D. Morrison [^, |29j. The purpose of 
this review is to stress that this computation needs knowing only properties of the special 
generalized hypergeometric function $0(2). We begin with the computational algorithm for 
computing the coefficients in the g-expansion of the Yukawa coupling and the predictions 
for number of rational curves. 
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2.1 The coefficients in the (/-expansion of the Yukawa coupling 

Consider the series 

•oW = E 

) 

n>0 V I 

(5n)\ 

Step 1. If we put a n = , then the numbers a n satisfy the recurrent relation 

(n!) 5 

(n + l) 4 a„+i = 5(5n + l)(5n + 2)(5n + 3)(5n + 4)a n . 
This immediatelly implies that the series $>o(z) is the solution to the differential equation 

V$(z) = 0, 

where 

V = 4 - 5^(59 + 1)(50 + 2)(50 + 3)(50 + 4), = z^-. 
One can rewrite the differential operator T> in powers of as follows: 

V = A 4 (z)Q 4 + A 3 (z)Q 3 + ■■■ + A (z). 
We denote by Cj(z) the rational function Ai(z)/A±(z) (i — 0, ... ,3). 

Step 2. Following [F2HJ, define the normalized Yukawa 3-differential as 

where Kj® = W 3 (z)/$l(z) is the 3-point coupling function such that W 3 (z) satisfies the 
differential equation 

ew 3 (z) = -~c 3 (z)w 3 (z)m 

and the normalizing condition W^O) = 5. 
One easily obtains 

3 (1 -5 5 z)^(zy z ' ' 

Step 3. The equation T>Q = is a Picard-Fuchs differential equation with maximal 
unipotent monodromy (in the sense of Morrison p8| ) at z = 0. Therefore, there exists a 
unique solution $1(2) to Z>$ = such that $i(z) = (log z)$o(z) + *ff(z), where *&(z) is 
regular at z = and ^(O) = 0. We define the new local coordinate q = q(z) near the point 
z = as 

q{z) = exp — — = z exp — — . 

\%(z)J \Mz)J 

The, we rewrite the normalized Yukawa 3-differential W3 in the coordinate q as 

w 3 = ^ 3) (-r- 

q 
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The function is called the Yukawa 3-point coupling. This function has the power 



expansion 



+ n d d 3 q 



d>i 1 « 



where = n^rf 3 are conjectured to be the Gromov-Witten invariants of rational curves of 
degree don a quintic 3- fold in P 4 []19 , ^TJ . The numbers are predictions for numbers of 



rational curves of degree d on quintic 3-folds. 

It is important to remark that in the above algorithm for calculation of the numbers 
rid one needs to know only properties of the series 3>o(z) and the normalization condition 
iy 3 (0) = deg V = 5 for W 3 (z), i.e., one does not need to know anything about mirrors of 
quintics. 



2.2 Philosophy of mirrors and the series <$>o(z) 

The central role in the computation of Candelas et al. in || is played by the orbifold 
construction of mirrors for quintics in P 4 \TE\. In UJ, this construction of mirrors was 
generalized for hypersurfaces in toric Fano varieties with Gorenstein singularities. 

In the above algorithm, we have shown that one can forget about mirrors. However, the 
philosophy of mirrors proves to be very helpful. For quintic 3-folds this philosophy appears 
as the following twofold interpretation of the series <&o(z). 

The first interpretation: We compute the coefficients a n of the power series 3>o(z) 
using combinatorial properties of curves C C P 4 of degree n. 

Notice that any such a curve C meets a generic quintic V at 5n distinct points pi, 
. . . , p 5n . There exists a degeneration of V into a union of 5 hyperplanes Hi U • • • U H$. 
Every such a hyperplane Hi intersects C at n points , . . . , Pi n which can be considered 
as deformations of a subset of n points from the set {pi, . . . , P5 n }- It remains to remark 
that there exists exactly (5n)!/(n!) 5 ways to divide {pi, . . . , p$ n } into 5 copies of n-element 
disjoint subsets. 

The second interpretation: We find the coefficients a n from an integral represen- 
tation of &o(z). 

Let T = (C*) 4 be the 4-dimensional algebraic torus with coordinate functions Xi, X2, 
X 3 , X 4 . Take the Laurent polynomial 

f(u, X) = 1 - {u l X 1 + u 2 X 2 + u 3 X 3 + u 4 X4 + m 5 (X 1 X 2 X 3 X 4 )- 1 ) 

in variables X 1; X 2 , X 3 , X 4 , where the coefficients ui, . . . ,u 5 are considered as independent 
parameters. Let z = 111U2U3U4U5. 

Proposition 2.2.1 

1 f 1 dX\ dX 2 dX 3 dX 4 

$0 ("l ■ ■ ■ U 5 = <S>o(z ) = 77^ F^TT / T7 ^7T^^ A -— A -— A 



(277^1)^1x^=1 f(u,X) X, X 2 X 3 X 4 
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Proof. One has 



— — - = £>iXi + u ^ + U * X * + n 4 X 4 + u 5 (X 1 X 2 X 3 X 4 )- 1 ) n 

J\ U i-X-) n>0 

= J2 Cm(u)X m . 
meZ 4 

It is straightforward to see that cq(u) = $o(wi • • • U5). Now the statement follows from the 
Cauchy residue formula. □ 

The second interpretation of &o(z) implicitly uses mirrors of quintics, since zeros of 
f(u,X) define the affine Calabi-Yau 3-fold Zf in T whose smooth Calabi-Yau compacti- 
fication is mirror symmetric with respect to quintic 3-folds (see [[I]). Moreover, the holo- 
morphic 3-form u on Zf such that lu(z) extends regularly to a smooth compactification of 
Zf depends only on z, i.e., only on the product U\ ■ • -1*5. This 3-form can be written as 

1 1 dX 1 dX 2 dX 3 dXi 

w(2) = (W=T)i Res 7(^)^r A ~3fT A ~xl A ~x7' 

This shows that &o(z) is exactly the monodromy invariant period of the 3-form uj(z) near 
z = 0. 

Proposition 2.2.2 The differential 3-form uj(z) satisfies the same Picard-Fuchs differen- 
tial equation = as for the series &o(z). In particular, all periods of uj(z) satisfy the 
Picard-Fuch differential equation with the operator 

9 4 - 5,2(59 + 1)(50 + 2)(56 + 3) (56 + 4). 

Proof. In order to prove the statement, it is sufficient to check that 

( v 1 \ dXi dX 2 dX 3 dX 4 
{ f(u,X)J X, X 2 X 3 X 4 

is a differential of a rational 3-form on T\ Zf . The latter follows from standard arguments 
using reduction by the Jacobian ideal J/ (see 0). □ 

2.3 A-model connection 

The Yukawa coupling can be described by a nilpotent connection Va on the cohomology 
of quintic 3-fold V 

dz 

V A : H*(V,C) ^ H*(V,C)®C(— ). 

z 

This connection is homogeneous of degree 2, i.e., 

dz 

V A : H l (V,C)^H l+2 (V,C)®C{— ), 

z 

and hence vanishes on H 3 (V,C). By this reason, we consider only the cohomology 
subring 

H 2 *(V, Z) = ® 3 i=0 H 2i (V, Z) C H*(V, Z) 
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of even-dimensional classes on a quintic 3-fold V (ikH 2l {V, Z) = 1). Let rji be the positive 
generator of H 2l (V, Z). Then, in the basis T]o,r]i,r]2,r]3, the multiplication by rji is the 
endomorphism of H 2 *(V, Z) having as matrix 



A 



( 1 \ 

5 

1 

V o o o o j 



Following || and [[HJ], we define the 1-parameter connection on H 2 *(V,C) <S> C[[q]] 
considered as a trivial bundle over SpecC[[g]] as follows 





( 


dq 

q 





o \ 












K (3)<*2 

1 q 


















dq 


m 


V V A V3 J 


V o 








q 

o / 


\V3 J 



( 22 



dq 
1 




V o o o 

can be considered as the deformation of the matrix A such that 



K{q) 



\ 

iff) 22 

q q * 
22 
q 

/ 



(1) 



A = Res 



q=0 



K(q). 



The mirror philosophy shows that the matrix ([[]) can be identified with the matrix of 
the classical GauB-Manin connection on the 4-dimensional cohomology space H 3 (Zf, C) in 
a special symplectic basis. We notice that the quotients F l / ' F %+1 of the Hodge filtration 

H 3 (Z f , C) = F° D F 1 D F 2 D F 3 D F 4 = 
are 1-dimensional. There is also the monodromy filtration on the homology H^(Zf, Z) 
= H/_ 4 c H/_ 3 C W^ 2 C W_i Cf = #3(^7, Z) 

such that Wi/Wi_i are also 1-dimensional. We choose the symplectic basis 7o,7i,72,73 in 
H 3 (Zf, Z) in such a way that {70, . . . , form a Z-basis of Wj. We choose also the basis 
ujo, ct>i, a>2, ^3 of H 3 (Zf, C) such that {cuq, • • • , ^j} form a C-basis of F 3_ * and 



Pij 



uji = Sij for i > j. 



So the period matrix II = (p i3 -) has the form [[H], Hi 



n 



/ 1 Pl2 Pl3 PU \ 

1 P23 P34 

00 1 p u 

V 1 / 
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Notice that all coefficients pij (i < j) are multivalued functions of z near z — 0. 

Applying the Griffiths transversality property, we obtain that the Gaufi-Manin connec- 
tion in the ^-coordinate has the form 



/ Vc^o ^ 






(epia)f 












( u ° \ 












(©p 23 )f 











Vu 2 













(©P3 4 ; 


dz 

z 




^2 


V vcu 3 J 




V o 











J 




V / 



where ©p^i+i are single valued functions. 

Then the Yukawa 3-differential is simply the tensor product 

m = Kf\-r* = (e Pl2 )- ® (e P23 )- ® (e P3 4)-. 

z z z z 



By Griffiths transversality, one has c^o A ^2 = 
differential form u> can be defined as u/$o(z). 



0, i.e. we can assume that p 23 = Pi2- The 
Moreover, p\ 2 = <&i(z)/<&o(z)- In the new 



coordinate q, we have pi 2 = log q. Then the GauB-Manin connection can be rewritten as 







( 


dq 

q 





\ 


( u °\ 












K (3)dg 

i q 







Vu 2 













dq 




\ J 




V o 








<? 

o / 


\ ^3 / 



The role played by the 1-form dq/q in the connection matrix was first observed by P. 
Deligne |To| . 



2.4 The g-coordinate and the Yukawa coupling 

Since the coordinate q was defined intrinsically as the ratio $i(z)/$ (z) of two solutions 
of the differential equation Z>$ = 0, it is natural to ask about the form of the differential 

d 

operator V in the new coordinate q. Denote by S the differential operator q-^-. 

oq 

Proposition 2.4.1 The differential 3-form ujq satisfies the Picard-Fuchs differential equa- 
tion with the differential operator 

S 4 + C 3(g)S 3 + c 2 (g)H 2 , 

where 

<*(«) = *<»> = ^ " 

Proof. By properties of the nilpotent connection, one has 

Euj = ojx, "EjjJx = K^u 2 , Euj 2 = oj 3 , Euj 3 = 0. 



S 



So 

E 4 co = E 2 K^co 2 = ~((~Kf ))u 2 + K^co 3 ) 
= (~ 2 K^ 2 + 2(~K^)u J3 . 

On the other hand, 

1 ^2 

1 Hi^ 3 ) 1 

i — i/ ■ — i2 \ — g i — .2 1 — '3 
^3 = ^( TrT^ ^oj = — ^ ^ H TrT^ ^0- 

(nrj 3) ) 2 k, (3) 
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Remark 2.4.2 The differential equation for loq can be written also as 



In this form this equation first arose in |T2|. 

The differential operator D which annihilates the function <&o(z) defines the connection 
in the basis u>, Qu, Q 2 u, Q 3 u of H 3 (Zf, C) : 



t Wu \ 

V0c; 

V0 2 cu 

\ve 3 w j 



( 



dz 

z 







dz 








i dz s~i I „\dz fi I _"\ dz 

z 



V -C (z)f -C x {z)^ -C 2 (z)f -C a (z)f J 






\ 


( U 


\ 











dz 




Q 2 u 








V e 3 cj 


/ 



The basis u, Qui, Q 2 u, Q 3 u is also compatible with the Hodge filtration in H 3 (Zf,C). 
Thus there exist a matrix 

( r n r 12 n 3 r u \ 
r 22 r 23 r 34 
r 33 r 34 
V r 44 / 



R 



such that 



V Q 3 lu J 



R 



UJ 2 
V ^3 J 



It is easy to see that 

rn = $„(z), ^22 = $ (2)(6P12), ^33 = $o(^)(0Pl2)(0P23) 
r 44 = $ O (^)(0Pl2)(0P2 3 )(0P34)- 
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3 Quantum variations of Hodge structure on Calabi- 
Yau manifolds 



3.1 A-model connection and rational curves 

A general appoach to the definition of a new connection on cohomology of algebraic and 



symplectic manifolds V was proposed by Witten |36]]. The construction of Witten bases 
on the interpretation of third partial derivatives 

d 3 

P(z) 



dzidzjdz k 



of a function P(z) on the cohomology space H*(V,C) as structure constants of a com- 
mutative associative algebra. The function P{z) is defined via the intersection theory on 
the moduli spaces of mappings of Riemann surfaces S to V . Using Poincare duality, one 
obtains the structure coefficients of the connection on H*(V, C). 

We consider a specialization of the general construction to the case when V is a Calabi- 
Yau 3-fold. We put n = dimH 2 (V, C) = dim# 4 (V, C). Let r] be a generator of H°(V, Z), 
r)i, . . . , r) n a Z-basis of H 2 (V, Z), d, . . . , ( n the dual Z-basis of H^{V, Z) ((rji, Q) = 5ij), and 
Co the dual to rjo generator of H 6 (V, Z). We can always assume that the cohomology classes 
rji, . . . , r) n are contained in the closed Kahler cone of V . 

Definition 3.1.1 Let R = C[[qi, . . . , q n }} be the ring of formal power series in n indepen- 
dent variables. We denote by H(V) the scalar extension 

(®l H 2i (V, C)) ® c R- 

We consider a flat nilpotent holomorphic connection 

V A :H(V)-+H(V)®Q 1 R (logq) 

defined by the following formulas 



_ dqi 
^ qi 



8=1 



n n dqi 



i=i j=i 



VaO = Co^, 3 = 1, 
VaCo = 0. 
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The coefficients are power series in qi, . . . , q n defined by rational curves C on V, i.e., 
morphisms / : P 1 — > V as follows 

q[C] 

K ijk = (r)i,r]j,rik)+ n ic] (C> Vi) (C, Vj) (C, Vk) 1 _ [C] , 

ccv 

where = q^ 1 ■ ■ ■ q^ 1 (c, = (C, r]i)). The integer 

T[c] (Vi, Vj, Vk) = n [C ] (C, r]i) (C, rjj) (C, %) 

is called the Gromov-Witten invariant |19|, |3l| of the class [C]. If the classes r]i, r]j, and rjk 
are represented by effective divisors D i: Dj, and D k on V, then r^^, 77^-, is the number 
of pseudo holomorphic immersions 1 : P 1 — > V such that ^(P 1 )] = [C] and z(0) G Dj, 
G Dj, z(oo) G -D/t for sufficiently general almost complex structure on V. In particular, 
the number nyc\ which predicts the number of rational curves C G V with the fixed class 
[C] is always non-negative. 

The connection Va will be called the A-model connection. The connection Va defines 
on H(V) a variation of Hodge structure of type (l,n, n, 1). We call this variation the 
quantum variation of Hodge structure on V. 



Remark 3.1.2 The Picard-Fuch differential system satisfied by 770 was considered in de- 
tails in ||. 

One immediatelly obtains: 

Proposition 3.1.3 Let rj = hr]i + - ■ ■+l n r] n G H 2 (V, Z) be a class of an ample divisor on V. 
Define the 1-parameter connection with the new coordinate q by putting q± = q l1 . . . , q n = 
q ln . Then the connection on H(V) induces the connection 

V, : (©Lo^(^C[[g]]))^(©L ^(^,C[[g]]))®c^ [M] (logg). 

In particular, the residue of the connection operator V ? at q = is the Lefschetz operator 
L v : H 2 \V, C) -> H*+ 2 (V, C), and 

((V g ) 3 77 ,Co> = \(v,V,v)+J2 n d 

\ d>0 

where 

n d= n [c\- 

(C,v)=d 




Corollary 3.1.4 The connection V 9 defines a Picard-Fuchs differential operator of order 
4 annihilating r] . 



11 



3.2 The Gaufi-Manin connection for mirrors 

Let W be a Calabi-Yau 3-fold such that dimH 3 (W, C) = 2n + 2. Assume that we 
are given a variation W z of complex structure on W near a boundary point p of the n- 
dimensional moduli space M. w of complex structures on in holomorphic coordinates 
Zx, . . . , z n near p such that p = (0, . . . , 0). 

Definition 3.2.1 The family W z is said to have the maximal unipotent monodromy at 
z = if the weight filtration 

= W- 1 CW CW 1 CW 2 CW 3 = H 3 (W Z , C) 

defined by N is orthogonal to the Hodge filtration {F 1 }, i.e., 

H 3 {W Z , C) = W l ± ® F 3 -* % = 0, . . . , 3. 



(This is essentially the same definition given in |3U], |3~T|.) 
Choose a symplectic basis 

7o,7i, • • • ,ln,Si, ■ ■ -S n ,5 
of H 3 (W Z , Z) in such a way that 70 generates Wo, 70, 71, . . . , 7„ is a Z-basis of Wi, 

70)7l, ••-,7n,^i, • • A 
is a Z-basis of Then we choose a symplectic basis in H 3 (W Z , C) : 

CJo, • • • j w n , U\, . . . , z/ n , I/o 

such that wo generates F 3 , dj , ^1, • • • , u n is the basis of F 2 , u Q , lu\, . . . , cj n , u%, . . . , v n is the 
basis of F 1 such that 

(ui, 7,) = (i/j, 5») = 1, i = 0, 1, . . . , n 

(ui, 70) = (z/,-, 70) = 7i) = (^0, Jj) = (vo, Sj) = 0, i = 1, . ■ - , n, j = 0,...,n. 

The choice of the basis of H 3 (W Z , C) defines the splitting into the direct sum 

H 3 (W Z , C) = H 3 ' © H 2 ' 1 © H 1 ' 2 © /f ' 3 

such that all direct summand acquire canonical integral structures. By Griffiths transver- 
sality property, the GauB-Manin connection V sends H 3 ~ l > 1 to ff 3 - 1 - 1 ^ 1 <g) Q 1 (\ogz). It is 
an observation of Deligne |10| that the weight and Hodge nitrations define a variation of 
mixed Hodge structure (VMHS). 

Two Calabi-Yau 3-folds V and W are called mirror symmetric if the quantum variation 
of Hodge structure for V is isomorphic to the classical VMHS for W. In this case the 
(/-coordinates near p up to constants are defined by the formula |30 

qi = exp(27rv /Z T) / lo . 
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4 Picard-Fuchs equations 



In this section we recall standard facts about Picard-Fuch differential equations which 
we use in computations of Yukawa <i-point functions and predictions for numbers of rational 
curves on Calabi-Yau manifolds. 

4.1 Recurrent relations and differential equations 

Let a n n — 0, 1, 2, . . . be an infinite sequence of complex numbers. For our purposes, it 
will be more convenient to define a n for all integers n G Z by putting a n = for n < 0. We 
define the generating function for the sequence {a,-,} as the formal power series 

oo 

«&(z)=XVeC[[*]]. 

Consider two differential operators acting on C[[z]]: 

oz 

z : ft-^z-f 

satisfying the relation 

[e,z} = Qo Z -zoe = z. (2) 

These operators generate the algebra D = C[z, 0] of "logarithmic" differential operators 
which are polynomials in non-commuting operators G and z 

Fix a positive integer d. Assume that there exist m + 1 (m > 1) polynomials 

P Q (y),...,P m (y)eC[y] 

of degree d + 1 such that that for every n G Z the numbers {<2j} satisfy the recurrent 
relation: 

P (n)a n + Pi(n+ l)a n+1 H h P m (n + m)a n+m = 0. (3) 

(Here we consider y as a new complex variable having no connection to our previous variable 
z.) Then Q(z) is a formal solution of the linear differential equation 

£>$(» = 

with the differential operator 

V = z m P (Q) + z m ~ 1 P 1 {e) + ■■■ + P m (6). (4) 
This differential equation of order d + 1 can be rewritten in powers of as 

V = A d+1 (z)G d+1 + ■■■ + A 1 (z)Q + A (z), (5) 

where Ai are some polynomials in z. It is easy to check the following: 

Proposition 4.1.1 A power series <&(z) is a formal solution to a differential equation 
T><&(z) = of order d+1 for some element T> G D if and only if the coefficients {a^} 
satisfy a recurrent relation as in ([|) for some polynomials P (y), . . . , P m (y) of degree d+1. 
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4.2 Picard-Fuchs operators 

Recall that a differential operator T> as in (||) is called a Picard-Fuchs operator at 
point z = if Arf + i(0) 7^ 0. Moreover, the condition that solutions of the Picard-Fuchs 
equatios T><& have maximal unipotent monodromy at z = P§[ is equivalent to Aj(0) = 
for i = 0, . . . , d. These properties of the operator T> can be reformulated in terms of the 
properties of the polynomial P m (y) in (0) as follows: 

A differential operator T> is a Picard-Fuchs operator if and only if the polynomial P m (y) 
has degree d+1, i.e., its leading coefficient is nonzero. Moreover, solutions of the equations 
T> have maximal unipotent monodromy at z = if and only if the polynomial P m (y) equals 
cy k for some nonzero constant c. 

Picard-Fuchs operators having the maximal unipotent monodromy at z = will be 
objects of our main interest. Therefore, we introduce the following definition: 

Definition 4.2.1 A Picard-Fuchs operator T> with the maximal unipotent monodromy 
will be called a MU-operator. We will always assume that the corresponding polynomial 
P m (y) in © for any M[/-operator V is y k , i.e., c = 1. 

The fundamental property of M?7-operators is the following one: 

Theorem 4.2.2 IfV is MU-operator, then the subspace in C[[z]] of solutions of the linear 
differential equation 

V${z) = 

has dimension 1. Moreover, every solution is defined uniquely by the value $(0) = a®. 

Proof. If we have chosen a value of ao, the all coefficients a, for i > are uniquely 
defined from the reccurent relation ( We remind, that we put aj = for i < 0.) □ 

Definition 4.2.3 Let D be a MU-operator. Then the power series solution &o(z) of the 
equation V§(z) = normalized by the condition $o(0) — 1 will be called the socle-solution. 

4.3 Logarithmic solutions and the (/-coordinate 

Let V be a M[/-operator of order d+1. Putting Ci(z) = Ai(z) / A d+1 (z) we can define 
another differential operator 

d+1 

v = v(e) = J2c t (z)e i 

i=0 

which is also a Mt/-operator of order d + 1, where Ci(z) are rational functions in z, and 
Cd+\{z) = 1. Assume that we have a formal regular solution 

00 

i=0 
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Consider a formal polynomial extension 

M z = C[[z]}[\ogz}, 

where log z is considered as a new transcendent variable. We can define the structure of a 
left D-module on M z putting by definition 6 log z = 1. In fact, M z will be a module over 
the larger algebra D z containing the new operator Log z such that 

z o (6 o Logz ) = (0 o Log z) o z — 1, 

o Log z — Log zo0 = l, 
and Logz acts on M z by multiplication on logz. 

Proposition 4.3.1 Let V = E?=o C i (z)Q i be any operator in D. Then 

[V,Logz] = Y jl C l (z)&~ l =V' e , 
i=i 

where T" e is a formal derivative ofV with respect to 0. 
Proof. The statement follows from relation 

i oLogz- Log z o & = iQ 1 ' 1 
which can be proved by induction. 

□ 

Assume that we want to find a element ®i(z) in M z such that V&i(z) = and ®i(z) 
has form 

$i(z) = logz- $ (Y) + 
where ^(z) is an element of C[[z]], and ^(0) = 0. 

Proposition 4.3.2 The element *&(z) satisfies the linear non-homogeneous differential 
equation 

V' e %(z)+V^(z) = 0, (6) 

or, formally, 

= -V- l V' e %(z) = d e hgV ■ %(z). 

Proof. Since $ and $i are solutions, we obtain 

= V$! =V\ogz$ + V^ = 
= (Log zoV + [V, Log z])$„ + V^l = [V, Log z] o & ( z ) + W = V' @ <5> + V^ = 0. □ 
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Proposition 4.3.3 If^o(z) is the socle solution, then the function ^(z) is uniquely defined 
by the equations (j^) and the condition ^(0) = as an element ofC[[z]]. 

Proof. Let *(z) = Et-oo 6 i^ be an element of zC[[z}}, i.e., 6< = for i < 0. By 
4.3.2, for any n G Z, the coefficient by z n in is 



P m {n)h + P m -i{n - l)6 n -i H 1- ^oO - fn)b n _ m . 

On the other hand, the coefficient by z n in "P@$o(<2) is 

p L( n ) a n + P'm-ii n ~ !) a n-i H h ^(n - m)a n ^ m . 

Thus, we obtain the recurrent linear non-homogeneous relation 

m m 

P m (n)b n + p m-i{n - i)b n _i + ^ P' n ^(n - i)a n -i = 0. (7) 

i=l i=Q 

Since P m (n) = n d+1 ^ for n > 1, one can find all coefficients 6j (i > 1) using ([F]). For 
instance, we obtain 

h = -(d+l)ai-i^_ 1 (0)a 
2 d+1 fe 2 = -(d + 1)2% - P m _i(l)6i - - ^m- 2 (0)a ; - etc. 

Corollary 4.3.4 Let V be a MU '-operator then the quotient of the solutions of the 
linear system 

p$ = 0, V' e $ + VV, tf(0) = 
is a function depending only on V ■ 

We come now to the most important definition: 

Definition 4.3.5 The element 

q = exp = z exp 



is called the q-parameter for the M£7-operator V. 

4.4 Generalized hyper geometric functions and 2-term recurrent 
relations 

Since the number m + 1 of terms in a recurrent relation (|3|) is at least 2, 2-term recur- 
rences are the simplest ones. Any such a relations is defined by two polymomials Po(y) 
and Pi(y) of degree d+1: 

Po{n)a n =P 1 (n+ l)a n+1 . (8) 
Without loss of generality we again assume that the leading coefficient of P\{y) is 1. 
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Definition 4.4.1 Denote by 

G d+1 (a,P;w) = G d+1 l °- 1 >--->^+i 

\ Hli - ■ ■ i Pd+1 

the series 



E 



X -, _, w". 



^ngr(A) VnSr(a i + n) 

which is the generalized hypergeometric function with parameters ai, . . . , a^+i, Pi, . . . , 
/3<i4-i. (This is a slight modification of the well-known generalized hypergeometric function 
d+ iF d (see f| 0)0 



Proposition 4.4.2 Assume that 

Pi(y) = Hiv + oti); 

i=l 

W = AII(2/ + A) 

i/ien i/ie function G d+ i(a,P; Xz) is a formal solution of the differential equation 

V§ = (Pi(&) - zP (Q))^ = 0. 

Consider now the case when T> is a M[/-operator, i.e., -Pi(y) = and the recurrent 
relation has the form 

(n + l) d+1 a n +i = P (™K- 
Then for the power series *&(z) = J2i>i °iZ l which is the solution to 

where 

®o{z) = Y, a i zi 



oo 

■> 

i=0 



is a regular solution to V^f = 0, the coefficients satisfy the recurrent relation 
n d+1 b n = P 1 {n- l)&„_i + P> - l)a„_i - (d + l)n d a n . 



4.5 G?-point Yukawa functions 

Let 7r : V z — > 5" be a 1-parameter family of Calabi-Yau rf-folds, where 5 = Spec C[[z]]. 
Let T be the corresponding monodromy transformation acting on H d (W z , C), T u the unipo- 
tent part part ofT,N = LogT u . 

Definition 4.5.1 The family V z is said to have the maximal unipotent monodromy at z = 
if the weight filtration 

= W.i c W c Wi C • • ■ C W d _i cW d = H d (V z , C) 

defined by N is orthogonal to the Hodge filtration {F 1 }, i.e., 

H d {V z , C) = © z = 0, . . . , d. 
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(This is similar to definitions given in []T7], |3T| .) 

Assume that the family V z /S has the maximal unipotent monodromy at z = and 
dim F l /F t+1 = 1 for i = 0,...,d. Then the Jordan normal form of N has exactly one 
sell of size (d + 1) x (d + 1). This means that there exists a ci-cycle 7 £ H d (V z , Z) such 
that 7, A/7, . . . , A^ d 7 are linearly independent in H d (V z , Z), and N d, y = 70 is a monodromy 
invariant c/-cycle. Take a 1-parameter family w(z) of holomorphic d-forms on W z . It is 
well-known that the periods of oj{z) over the <i-cycles in H d (V z , C) satisfy a Picard-Fuchs 
differential equation of order d + 1 defined by some differential M£7-operator 

<p = Qd+i + Cd {z)Q d + • • ■ + CoO)- (9) 
Definition 4.5.2 Define the coupling functions W^^z) (fc, Z > 0, fc, Z £ Z) as follows 

(By definition, we put 0° = 1 to be the identity differential operator.) 



Definition 4.5.3 |2g] The coupling function PF^o is called unnormalized d-point Yukawa 
function. 

Proposition 4.5.4 The coupling functions W k> i(z) satisfy the properties 

(i) W k , t (z) = {-\) d W l)k ; 

(ii) W k>l (z) =0fork + l<d; 

(iii) GW k>l (z) = W k+ltl (z) + W k>l+1 (z). 

(iv) W d+fe+ i,o(z) + C7 d (z)W ( t ffcl o(«) + • • • + C (*)W M (*) = 0. 

Proof. The statements follow immediatelly from the properties of the cup-product and 
from the Griffiths transversality property. 

Theorem 4.5.5 The d-pont Yukawa function W dj o(z) satisfies the linear differential equa- 
tion of order one 

ew d>Q (z) + j^c d ( z )w d>0 = 0. (10) 



Proof. By |4.5.4| (ii), we have 

W d -i,i{z) + W d -i- W {z) = for i = 0, 1, . . . , d. (11) 
Therefore, W d) o(z) = (—l) % Wd-i,i- On the other hand, by |4.5.4| (iii), we have 

eW d . iA = Wi-i+uiz) + W d . hi+1 (z) for % = 0, 1, . . . , d. (12) 



It follows from (O) and (12) that 



k—l 

k®W dfl {z) = J2(-iyW d -i,i(z) = W d+1 , (z) + {-l) k - l W d - k+1)k {z). (13) 

i=0 
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Case I: d is odd. Since 

W*ti,*ti(*) = ( jXj (i)), 

we obtain 

QWd+i d-i (z) = Wd+s d-i(z). 

2 ' 2 2 ' 2 

Using (]n|) and for k = (d - l)/2, we obtain 

^±^-GW d , (z) = W d+1 , (z). 

By |4.5.4| (ii) and (iv), this implies the equation ([U]) for W d ${z). 
Case I: d is odd. One has 

BWd d(z) = Wd+2 Az) + W ± = 2W d±1 d (z). 

2'2 2'2 2'2 2'2 

Using (pi]) and (13) for k = d/2, we obtain 

(d+l)eW d , (z)=2W d+1>0 (z). 

The latter again implies the same linear differential equation for W d fl{z). 
Corollary 4.5.6 



I 2 f z dv 
W dfi (z) = c exp --r— / C d (v) — 
\ a + 1 Jo v 

for some nonzero constant Cq = 1^,0(0). 



Example 4.5.7 Assume that V = Q d+1 — zP (G) be the Mf/-operator correspondng to a 
2-term recurrent relation (n + l) d+1 a ra+1 = P (n)a n , where Po(y) = \y d+1 + • • •. Then the 
Yukawa rf-point function W d $(z) equals 

c 



W dfi {z) 



1 - Xz'' 



i.e., W d o(z) is a rational function in z. 



4.6 Multidimensional Picard-Fuchs differential systems with a 
symmetry group 

So far we considered only the case of the 1-parameter family of Calabi-Yau <i-folds V z 
such that dim F l /F t+1 = 1 for i = 0, . . . , d. It is easy to see that the same methods can be 
applied to the case dim F l / F %+1 > 1 provided V z has a large authomorphisms group. 

Proposition 4.6.1 Let V z be a 1-parameter family of Calabi-Yau d-folds with dim F l /F l+1 
> 1. Assume that there exists an action of a finite group GonV z such that the G-invariant 
part (F i /F' l+1 ) is 1- dimensional for alii = 0,...,d. Then the holomorphic differential 
d-form uj(z) again satisfies the Picard-Fuchs differential equation of order d+1. 

Proof. The statement immediately follows from the fact that the cohomology 
classes of uj(z), Qu(z), . . . , <d d u(z) form the basis of the G-invariant subspace H (V z , C) G C 
H d (V z ,C). □. 
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5 Calabi-Yau complete intersections in 

5.1 Rational curves and generalized hyper geometric series 

Let V be a complete intersection of r-hypersurfaces V%, . . . , V r of cleg rees d\^ . . . , d r in 
pd+r r jj ien y j s a Calabi-Yau cMold if and only if d+r + 1 = di + . . . + d r . A rational curve 
C of degree n in P d+r has nc?j intersection points with a generic hypersurface On the 
other hand, there exists a degeneration of every divisor into the union of dj hyperplanes. 
Each of these hyperplanes has n intersection points with C. This motivates the definition 
of the corresponding generalized hypergeometric series <&o(z) as 



i=0 



The coefficients 



(nrfi!) ■ • • (nd r \) 



i TV. 



satisfy the recurrent relation 

(n + l) d+1 a n+1 = P(n)a n 
where P(y) is the polynomial of degree d + 1: 

_ (ndj + rfi)! (nd r + d r )! _ +1 

lj ~ (ndj)! (nd r )! 1 J ~ ' 

In particular, the leading coefficient of P(y) is A = YT i=1 (di) di . 

Example 5.1.1 Let V be a complete intersection of two cubics in P 5 . The corresponding 
generalized hypergeometric series is 



(3n!) 



2 



n>0 V' 4 -^ 



■0" 



This series was found in |25] using the explicit construction of mirrors for V by orbifolding 
the 1-parameter family of special complete intersections of two cubics in P 5 : 

y3 + y 2 3 + Y£ = 3^jY 4 Y 5 Y 6 ; 

Yi + Y 5 3 + Y£ = 3ipYiY 2 Y 3 , 

by an abelian group G of order 81. where z = (3ip)~ 6 . 

We will give another interpretation of the construction of mirrors V for V which imme- 
diatelly implies that 3>o(z) is the monodromy invariant period for the regular differential 
3- form on V. 

Let Zf t f 2 be the complete intersection of two hypersurfaces in a 5-dimensional algebraic 
torus T = SpecfX^ 1 , . . . , X^ 1 ] defined by the Laurent polynomials 

fi(u,X) = 1 - (uxXx + u 2 X 2 + u 3 X 3 ), f 2 (u,X) = 1 - (n 4 X 4 + u 5 X 5 + u & {X x ■ --X,)- 1 ). 
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We define the differential 3-form uo on Zf x f 2 as the residue of the rational differential 5-form 
on T: 

1 i dXi dX 5 

u ~ ( w=T) es /iKi)/ 2 (a) xT A '" A xT 

Let z = «i • • - u 6 . By residue theorem, we obtain 

i y 1 dXi dX 5 

In this interpretation, the mirrors for V are smooth Calabi-Yau compactifications of of 
affine 3-folds Z^f 2 . 

The equivalence between the above two construction of mirrors for V follows by the 
substitution 

X x = Y?/(Y 3 Y 4 Y B ), X 2 = Yi/(Y 3 Y 4 Y 5 ), X 3 = Y? / (Y 3 Y 4 Y 5 ) , 
X 4 = Y*l(Y x YiY z ), X 5 = Yi/(Y 1 Y 2 Y 3 ), 

Ul = ■ ■ ■ = u 6 = (3^) _1 . 



Proposition 5.1.2 The normalized Yukawa d- differential for Calabi-Yau complete inter- 
sections has the form 

vw di- ■ -d r (d z \®d 

(1 - \z)$ 2 (z) z 
where d\,...,di are degrees of hyper surf aces. 



Proof. The statement follows from [4.5.7| and the normalizing condition d\ - • -d 



W d (0). □ 

5.2 The construction of mirrors 

Let V be a d- dimensional Calabi-Yau complete intersection of r hypersurfaces of degrees 
di,...,d r in P d+r . We propose the explicit construction of candidats for mirrors with 
respect to V as follows: 

Let E = {vi, . . . , Vd+r+i} be a generating set in the (d+r)-dimensional lattice N = Z d+r 
such that there exist the relation 

viA h v d+r+1 = 0. 

We divide E into a disjoint union of r subsets C E such that Card-Ej = d^. For 
i = 1, . . . , r, we define the Laurent polynomial Pi(u, X) in variables X±, . . . , X d + r as 

Vj£Ei 

where ui, . . . , Ud+ r +i are independent parameters. We denote by V a Calabi-Yau com- 
pactification of (i-dimensional affine complete intersections Z in T = Spec [X 1 1 , . . . , X^] 
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defined by the polynomials Pi(u,X), . . . ,P r (u,X) with sufficiently general coefficients U{. 
It is easy to see that up to an isomorphism the affine variaties Z C T depend only on 
z — u\ • ■ ■ u d+r+ i. Thus, we have obtained a 1-parameter family of (i-dimensional varieties 
V. 

Conjecture 5.2.1 The 1-parameter family of d- dimensional varieties V yields the mirror 
family for V . 

This conjecture is motivated by the combinatorial interpretation proposed in |T| of the 
well-known construction of mirrors for hypersurfaces of degree d + 2 in P d+1 (see fll6l). On 
the other hand, the conjecture is supported by the following property: 

Proposition 5.2.2 The hypergeometric series <&o(z) in ([14]) is the monodromy invariant 
period function of the holomorphic d-form uj on V . 

Proof. The statement follows from the equality 
~ (njij) (nd r \) n 1 f 1 dXi dX d+r 



- (n!)* (n\yr (2nV^l) d+r ^|=i Pi{X) ■ ■ ■ P r (X) X 1 X d+r ' 

□ . 



6 Complete intersections in toric varieties 

6.1 The generalized hypergeometric series $o 

Let N be a free abelian group of rank (d + r). Consider r finite sets 

Ei = {«<,!, . . .,v i>k .}, i = 1, . . . ,r 

consisting of elements v it j e N. Let E be the union Ei U • • • U E r . 

We put k = Card i? = k% + . . . + k r and assume that E generates the group N . Let 
R(E) be the subgroup in Z n consisting of all integral vectors A = {Xij} such that 

r ki 

i=i i=i 

We denote by R + (E) submonoid in R(E) consisiting of all A = {Xij} G R(E) such that 
Aij > 0. 

Definition 6.1.1 Let Uij be k independent complex variables parametrized by k integral 
vectors Vij. Define the power series $o( M ) as 

r ki I ki „ 



Mu)= E IKE*«) ! n 



\£R+(E)i=l j=l 



22 



Let A*- 1 -*, . . . , be a Z-basis of the lattice R(E) such that every element A G R + (E) 
is a non-negative integral linear combination of A^. We define new r complex variables 
z± , . . . , z s as follows 

t ki A ( S ) 

Z * = II II " ,/ : S = l,...,t. 

i=\j=l 

Thus, the series $o( M ) can be rewritten as the power series Qq{z) in t variables z 1 , . . . ,z t . 

Example 6.1.2 Let E — {v 1: . . . , v d+ {\ be vectors generating rf-dimensional lattice N and 
satisfying the integral relation v i + • — h Vd+i = 0, i.e., the group R(E) is generated by the 
vector (1, . . . , 1) G Z d+1 . Then the corresponding generalized hypergeometric series is 

(nd + n)\ ^ (nrf + n)! 

n>0 V*-/ n>0 V 4 -/ 

where z = u± ■ ■ ■ u^+i- The integral representation of this series is the monodromy invariant 
period function for mirrors of hypersurfaces of degree (d + 1) in P d . 

Definition 6.1.3 Let T be a (d + r)-dimensional algebraic torus with the Laurent co- 
ordinates X = (Xi, . . . , X d+r ). We define r Laurent polynomials P El {X), . . . , P Er (X) as 
follows 

P El (X) = l- E 

Proposition 6.1.4 T/ie series $o( M ) admits the following integral representation 

1 /" 1 gL\Ti dX<i-\-r 

° [U} = (2nV=l) d+r J\x 3 \=i P El (X) ■ ■ ■ P Er (X) XT A " ' A 



Proof. The statement follows immediately from the residue formula. □ 

6.2 Calabi-Yau complete intersections 

Let Ps be a quasi-smooth (d + r)-dimensional projective toric variety defined by a 
(d + r)-dimensional simplicial fan E. Assume that there exist r line bundles Ci, . . . , C r 
such that each is generated by global sections and the tensor product 

C± <g) • • • <g) C r 

is isomorphic to the anticanonical bundle on /C _1 on P^. If Vi is the set of zeros of a generic 
global section of Ci, then the complete intersection V — V\ D • • • H K is a <i-dimensional 
Calabi-Yau variety having only Gorenstein toroidal singularities which are analytically 
isomorphic to toric singularities of P^. 
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Now let E = {vi, . . . ,Vk} be the set of all generators of 1-dimensional cones in E. 
Denote by Dj the toric divisor on Ps corresponding to Vj. Notice that 

Following a suggestion of Yu. I. Manin, we assume that one can represent E as a disjoint 
union 

E = Ex U • • • U E r 
such that the line bundle £j is isomorphic to the tensor product 

The elements of the group R(E) can be identified with the homology classes of 1- 
dimensional algebraic cycles on P^. Moreover, one has the following property 

Proposition 6.2.1 Let A = (Ax, • ■ • , A&) be an arbitrary element of R(E) representing the 
class of an algebraic 1-cycle C. Then 

K = (A,C), i = l,...,A;. 

We can always choose a Z-basis X^ , . . . , A 1 -') of R(E) such that every effective 1-cycle on 
Ps is a non-negative linear combination of the elements . . . , A^. Since the submonoid 
R + (E) consists of classes of nef-curves, this implies that every element of R + (E) is also a 
non-negative linear combination of A^, . . . , X^K This allows us to rewrite the series $o( u ) 
in t algebraically independent variables z\ . . . , z% it = rkR(E)). 

Corollary 6.2.2 The series <&o(z) can be interpreted via the intersection numbers of classes 
[C] of curves C on P^ as follows 

%{z)= y ((VuC))!...((V r ,C))! [c] 
1 } [a[ kw (Di,C)\...{D k ,C)\ ' 

where = z? . . . z? , [C] = Cl X^ + ■■■ + qA W ■ 

6.3 General conjectures 

Let V be a d- dimensional Calabi-Yau complete intersection of hypersurfaces Vi, . . . ,V r 
in a (d + r)-dimensional quasi-smooth toric variety defined by a simplicial fan E. Choose a 
Z-basis A^ 1 -*, . . . , A^ in R(E) such that the classes of all effective 1-cycles have non-negative 
integral coordinates. We assume that the divisors V\, . . . , V r are numerically effective (in 
particular, they are not assumed to be necessary ample divisors). We assume also that the 
following conditions are satisfied: 

(i) V is smooth; 

(ii) the restriction mapping Pic P^ — > Pic V is injective. 

In this situation, there exist two flat A-modle connections: the connection Vap on 
iP(P s ) and the connection V av on H*(V,C). Let W be the image of i7*(P s , C) in 
H % (V,C). The connection Vap defines the quantum variation on cohomology of toric 
variety Ps- It follows from the result in || the following. 
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Proposition 6.3.1 The complex coordinates Z\,...,Zt on H 2 can be identified with flat 
coordinates with respect to V ap- 

Conjecture 6.3.2 The generalized hypergeometric series $>q(z) as a function ofV Ap-flat 
z- coordinates on H 2 is a solution of the differential system T> defined by the A-model 
connection Vav on H 2 which defines the quantum variation of Hodge structures on the 
subring in (&i =0 H 2l (V, C) generated by restrictions of the classes in PicPs to V. 

Remark 6.3.3 One can check in many examples that the differential system T> is already 
defined by the generalized hypergeometric series $>o(z). Probably there exists a general 
explanation of this fact. 

Conjecture 6.3.4 The V Ay-flat coordinates q±, . . . ,qt on H 2 are defined as 

qi = exp($i(z)/$o(z)), i = l,...,t, 

where $i(z) is a logarithmic solution to the differential system T> having the form 

^(z) = (\og Zi )%(z) + ^(0) = 

for some regular at z = power series ^i(z). 

Moreover, all coefficients of the expansion of "V Ay-flat coordinates qi as power series of 
V ' Ap-flat z-coordinates are integers. 

Remark 6.3.5 This conjecture establishes a general method for normalizing the loga- 
rithimic solutions defining the canonical g-coordinates for the differential system T>. There 
are two motivations for this conjecture. First, the conjecture is true for all already known 
examples of g-coordinates for Picard-Fuchs equations corresponding to Calabi-Yau com- 
plete intersections in products of weighted projective spaces (see examples in the remain- 
ing part of the paper). Second, the Lefschetz theorem and the calculation of the quantum 
cohomolgy ring of toric varieties imply the relation 

qi = Zi + 0(\ z | 2 ), (i = !,...,*). 



Conjecture 6.3.6 Assume that V has dimension 3. Let K^j^z) be structure constants 
defining the A-model Vav connection in the z-coordinates. Then 

'K(-)^;., !. (■-) 

is a rational function in z-coordinates. 
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Conjecture 6.3.7 The mirror Calabi-Yau varieties with respect to V are Calabi-Yau com- 
pactifications of the complete intersection of the affine hyper surf aces in the (d + r)-dimensio 
nal algebraic torus T defined by the equations 

P El (X) = ■ ■ ■ = P Er (X) = 0. 



Remark 6.3.8 Recall that two Calabi-Yau d-folds V and V are called mirror symmetric 
if h p ' d ~ p (V) = h d ~ p,d ~ p (V) and the superconformal field theories corresponding to V and 
V are isomorphic. It was proposed in [|l|] a general method for constructing pairs of 
mirror symmetric Calabi-Yau hypersurfaces in toric varieties based on the duality among 
so called reflexive polyhedra A and A*. However, the equality h 1)l (Zf) = h l,1 (Z g ) for the 
pair of Calabi-Yau d-folds Zf and Z g corresponding to the polyhedra A and A* are not 
sufficient to prove the mirror duality between Zf and Z g in full strength. One needs to 
prove more: the isomorphism between the quantum cohomology of Zf and Z g . Since the 
quantum cohomology are defined by the canonical form of the A-model connection Va in 
g-coordinates, Conjecture |6.3.2| and Proposition |6.1.4j yield more evidence for validity of 
Conjecture |6.3.7| . We give below one example showing that Conjecture p.'3.7\ agrees with an 
orbifold construction of mirrors for complete intersections in product of projective spaces 
inspired by superconformal field theories. 



Example 6.3.9 Let V be a Calabi-Yau complete intersection of two hypersurfaces of de- 
grees (3, 0) and (1, 3) in the product P 3 x P 2 . 

It is known that the mirrors for V can be obtained by orbifolding the complete inter- 
section of two special hypersurfaces 

SiT 3 + S 2 Ti + S 3 Tl = tStT&n, 

s! + si + si + si = ^SiS 2 s 3 

by the group G of order 27, where (Si : S2 : 5*3 : S4) and (Ti : T 2 : T 3 ) are the homogeneous 
coordinates on P 3 and P 2 respectively. 

On the other hand, the 5-dimensional fan S defining P 3 x P 2 has 7 generators {vi, . . . , 
V-?} = E satisfying the relations 

vi + v 2 + v 3 + v 6 = v 4 + f 5 + v 7 = 0. 

We choose vectors Vi, . . . ,v$ as the basis of the 5-dimensional lattice N. The complete 
intersection V is defined by dividing E into two subsets Ei = {^1,^2^3} and E 2 = 
{^4, V5, Vq, Vi}. The corresponding polynomials Pe x (X) and Pe 2 (X) are 

P El = l~ (u 1 X 1 + u 2 X 2 + U3X3), 

Pe 2 = 1~ (« 4 X 4 + u 5 X 5 + M6 (X 1 X 2 X 3 )- 1 + n 7 (X 4 X 5 )- 1 ). 
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We obtain the equivalence between two construction of mirrors by putting u\ = 112 

U3 = U4 = M5 = uq = u 7 = and 

Ai — A2 — , A3 



O4J2J3 >J4-'l-t3 <J4-tl-t2 



Q2 C2 

y - 1 y - D 2 

4 — c c ' 5 — c c 

D203 01D3 



6.4 Calabi-Yau 3-folds with /i 1 - 1 = 1 

We consider below examples of the generalized hypergeometric series corresponding to 
smooth Calabi-Yau complete intersections V of r hypersurfaces in a toric variety Pg such 
that h l,1 (V) = 1. By Lefschetz theorem, /i 1,1 (Ps) must be also 1. So S is a (r + 3)- 
dimensional fan with (r + 4) generators. There exists the unique primitive integral linear 
relation YJ \v % — among the generators {v.i} of E, i.e., rk R(E) = 1 where E = {vi} is 
the whole set of generators of £ (Card-E = r + 4). 

In all these examples the M[/-operator V has form 

v = e 4 - fiz(e + ai)(e + « 2 )(e + a 3 )(© + « 4 ), 

where the numbers a±, . . . , <xi are positive rationals satisfying the relations 



«1 + OJ4 = «2 + OJ3 = 1. 



The Yukawa 3-differential in ^-coordinate has form 

iy(0) /*\ 
3 (1 - H*SW V ^ J 



Example 6.4.1 Hypersurfaces in weighted projective spaces: In this case we obtain Ca- 
labi-Yau hypersurfaces in the following weighted projective spaces P(Ai, • • • , A 5 ) 



(Ai,...,A 5 ) 




W(0) 


/i 


(«i, a 2 , a 3 , a 4 ) 


(1,1,1,1,1) 


V- ( 5 ™) ! n 
2^ ( n \)5 Z 

n>o y 1 --) 


5 


5 5 


(1/5,2/5,3/5,4/5) 


(2,1,1,1,1) 


v (6n)! ^ n 
h (^) 4 (2n!) 


3 


2 5 3 6 


(1/6,2/6,4/6,5/6) 


(4,1,1,1,1) 


^ (n!)*(4n!) 


2 


2 18 


(1/8,3/8,5/8,7/8) 


(5,2,1,1,1) 


v (lOnj! _ B 
^ (n!)»(2n!)(5n!) 


1 


2 9 5 6 


(1/10,3/10,7/10,9/10) 



The g-expansion of the Yukawa 3-point function and predictions rid for number of ra- 
tional curves on these hypersurfaces were obtained in |29], |20], [13[ . 
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Example 6.4.2 Complete intersections in ordinary projective spaces: Let Vd x ,...,d r denotes 
the complete intersection of hypersurfaces of degrees d\, . . . , d r . 







W(0) 


n 


(ai,a 2 ,a 3 ,a 4 ) 


V 3 ,3 C P 5 


h ( n! ) 6 


9 


3 6 


(1/3, 1/3,2/3,2/3) 


V 2A C P 5 


^(2n)!(4n)!^ n 


8 


2 io 


(1/4,2/4,2/4,3/4) 


^2,2,3 C P 6 


((2n)!f (3n)! „ 


12 


2 4 3 3 


(1/3,1/2,1/2,2/3) 


^2,2,2,2 C P 8 


v ((2n)!)* 

h N) 8 


16 


2 8 


(1/4,1/4,1/4,1/4) 



These Calabi-Yau complete intersections in ordinary projective spaces were considered 
by Libgober and Teitelbaum p5| . 



Example 6.4.3 Complete intersections in weighted projective spaces: 





$o(*) 


W(0) 




(«!, a 2 , ot 3 , a 4 ) 


14,4 eP(M, M,2, 2) 


t Q (n!)*(2n!)» 


4 


2 12 


(1/4,1/4,3/4,3/4) 


y 6i6 GP(l,l,2,2,3,3) 


^ (n!) 2 (2n!) 2 (3n!) 2 


1 


2 8 3 6 


(1/6,1/6,5/6,5/6) 


\/ 3 , 4 eP(l,l,l,l,l,2) 


- (4n!)(3n!) „ 
(n!)*(2n!) 


6 


2 6 3 3 


(1/4,1/3,2/3,3/4) 


l/ 2 , 6 eP(l,l,l,l,l,3) 


« (6n!)(2n!) n 
n ^ (n!)*(3n!) 


4 


2 8 3 3 


(1/6,1/2,1/2,5/6) 


y 4 , 6 eP(l,l,l,2,2,3) 


~ (6n!)(4n!) ^ n 
n ^ (n!)3(2n!) 2 (3n!) 


2 


2 10 3 3 


(1/6,1/4,3/4,5/6) 



The coefficients of the Yukawa 3-point function K^ 3 ' for these five examples of Calabi- 
Yau 3-folds V having the Hodge number h 1,l (y) = 1 were obtained by A. Klemm and S. 



Theisen [21 



7 Calabi-Yau 3-folds in P 2 x P 2 

7.1 The generalized hypergeometric series $o 

Calabi-Yau 3-folds V in P 2 x P 2 are hypersurfaces of degree (3,3). The homology 
classes of rational curves on P 2 x P 2 are parametrized by pairs of integers (Zi, Z2). Let 
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7i, 72 be the homology classes of (1, 0)-curves and (0, l)-curves respectively. Then for any 
Kahler class r] we put 

Zi = exp(- / rj), (i = 1,2). 
The generalized hypergeometric series corresponding to the fan E defining P 2 x P 2 is 



(3Z 1 + 3Z 2 )! j l2 

^ (WW 1 2 ' 



h,h>o 



There are obvious two recurrent relations for the coefficients ai lt i 2 of the series 



$0(21,2:2) = E a h,h z i 



h Ji 



h,h>0 



Let 



{h + lfa h+ i,i 2 = (3h + 3l 2 + l)(3Zi + 3/ 2 + 2)(3Zi + 3/ 2 + 3)a, l>fa ; 
(l 2 + l) 3 a luh+1 = (3Zi + 3/ 2 + l)(3Zi + 3/ 2 + 2)(3Zi + 3/ 2 + 3)a h}h ; 

0i = z\— — , G 2 = z 2 — — 

az\ oz 2 



Then the function $0(2:1, z 2 ) satisfies the Picard-Fuchs differential system T>: 
(&l - Zl (36i + 30 2 + 1)(30! + 30 2 + 2)(36i + 30 2 + 3)) $ = 0; 

(el - Z2 (30x + 30 2 + l)(30x + 30 2 + 2)(30! + 30 2 + 3)) $ = 0. 

The differential system T> has the maximal unipotent monodromy at (zi,z 2 ) = (0,0). 
There are two uniquely determined regular at (0, 0) functions ^1(21, z 2 ) and #2(21, z 2 ) such 
that 

(log Z i)$ (2l,2 2 ) +^l{z u Z 2 ), 

(log z 2 ) $0(2:1,2:2) + #2(21,2:2) 
are solutions to V, and #i(0, 0) = # 2 (0, 0) = 0. If we put 

#^1,22)= E hU) Jlj2 

h,h>0 



then one finds the coefficients from the simple recurrent relations based on [4.3.2 
The g-coordinates q\, q 2 defined by the formulas 

q 1 = 2iexp(#i/$ ), q 2 = z 2 exp(# 2 /$ ) 

are the power series with integral coefficients in Zi, z 2 of the form 

/ \ 



qj{zi,z 2 ) = zj 1 + 



By symmetry, one has c£J a = c^. 



E 



„(?) v h ~fa 
c h,l 2 1 2 



Jl,/2>0 

(Ji,J a )^(0,0) 



J 



1,2. 
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7.2 Mirrors and the discriminant 

Let / be the Laurent polynomial 

f(X,u) = 1 - u x X x - u 2 X 2 - n 3 (X 1 X 2 )- 1 - u 4 X 3 - u 5 X 4 - u 6 (X 3 X 4 )-\ 

Let 70 be a generator of H 4 ((C*) 4 , Z), i.e., the cycle defined by the condition | Xj |= 1 for 
i = 1,...4. 

By the residue theorem, the integral 

1 c/Xi dXo dX 3 dX 4 
I(u) = - I — — „ A — - A — - A 



(2ttv^T) 4 U f(X) X x X 2 X 3 X 4 
is the power series 

= fc E Q ffijSfr^ (mM2M 3 ) fc (M4M 5 M6) m - 

Thus, putting z x = u x u 2 u 3 ; z 2 = u^u^uq, we obtain exactly the generalized hypergeometric 
function $0(^1, z 2 ). 

It was proved in |] and [fj] that the function I{u) can be considered as the monodromy 
invariant period of the holomorphic differential 3-form 

1 „ 1 dX x dX 2 dX 3 dX A 
uj = - ^r-Res „ A — - A — - A 



(27rv^T) 4 /(X) X x X 2 X 3 X 4 ' 

for the family of Calabi-Yau 3-folds Zf which are smooth compactifications of the affine 
hypersurfaces Zf in (C*) 4 defined by Laurent polynomial /. One has h}' l (Zf) = 83, 
h 2 > l {Z f ) = 2. The coordinates z x , Z2 are natural coordinates on the moduli space of Calabi- 
Yau 3-folds Zf. 

The mirror construction helps to understand the the discriminant of the differential 
system V clS 8b polynomial function in z x ,z 2 . 

By definition [|TjJ, the zeros of the discriminat are exactly those values of the coefficients 
{ui} of /(X) such that the system 

nx) = x^nx) = x 2 JLm = x,JL /m = x^nx) = 

has a solution in the toric variety Pa, where A is the Newton polyhedron of /. Since Pa 
is isomorphic to the subvariety of P 6 defined as 

P A = {(Y : . . . : Y e ) G P 6 | F 3 = Y X Y 2 Y 3 , F 3 = Y 4 Y 5 Y 6 }, 

or equivalently, the system of the homogeneous equations 

UqY H h u & Y & = u x Y x - u 3 Y 3 = u 2 Y 2 - u 3 Y 3 = u 4 Y 4 - u 6 Yq = u 5 Y 5 - u 6 Y 6 = 0; 

Yq = Y{Y 2 Y 3 = Y 4 Y 5 Y 6 

has a non-zero solution. 
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If we put 

A = M3Y3, B = u 6 Yq, C = u Y 
then the last system can be rewritten as 

3A + 3B + C = A 3 + Zl C 3 = B 3 + z 2 C 3 = 0. 

So the discriminant the two-parameter family is the resultant of two binary homoge- 
neous cubic equations in A and B: 

27z 1 (A + Bf - A 3 = 0, 27^(^1 + Bf - B 3 = 0. 

Put 27zi = x, 27z 2 = y. 

Proposition 7.2.1 The discriminant of the 2-parameter family of Calabi-Yau 3-folds Zf 

is 

Disc / = 1 - (x + y) + 3(x 2 - 7xy + y 2 ) - (x 3 + 3x 2 y + 3xy 2 + y 3 ). 

7.3 The diagonal one-parameter subfamily 

We consider the diagonal one-parameter subfamily of Kahler structures 77 on V which 
are invariant under the natural involution on if 1 ' 1 (V), i.e., we assume that 



71 J 12 

This is equivalent to the substitution z = Z\ = z 2 - 

Remark 7.3.1 In this case we obtain the one-parameter family of mirrors 

U(x) = x 1 + x 2 + {x l x 2 y 1 + x 3 + x 4 + (X3X4)- 1 - 3^ = 0, ^ = {rjzy x 

which is an analog to mirrors of quintic 3-folds ||. 

It is easy to check that the discriminant of fip{X) vanishes exactly when if) = a + (3, 
where a 3 = (3 3 = 1, i.e., ip 3 G {8, -1}, or z E {-(3) 3 , (2 ■ 3)~ 3 }. 
The monodromy invariant period function is 



*b(*) = *o(*,*) = EI E (3,,) ' 



z n . 



(fc!) 3 (m!) 3 

n>0 \k+m=n \ J \ I 

It satisfies an ordinary Picard-Fuchs differential equation 

v : (e* + y £c i (z)e i )F(z) = o, Q = z^-. 

We compute the Picard-Fuch differential equation £ for Fq(z) is from the recurrent 
formula for the coefficients 

(3n)\ (3n)\ " (n\ 3 

in the power expansion 

F (z) = Y.a n z n . 

n>0 
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Proposition 7.3.2 Let 



n / \ 3 



n 1 



k=0 

Then the numbers h n satisfy the recurrent relation 



(n + l) 2 b n+ i = (7n 2 + 7n + 2)b n + 8n 2 b n ^. 
Corollary 7.3.3 The numbers a n satisfy the recurrent relation 

(n + l) 4 a n+ i = 3(7n 2 + 7n + 2) (3n + 2) (3n + l)a„ + 72(3n + 2) (3n + 1) (3n - 1) (3n - 2)a n _i . 

Corollary 7.3.4 The monodromy invariant period function F (y) is annihilated by the 
differential operator V : 

6 4 - 3z(76 2 + 76 + 2) (30 + 1)(30 + 2) - 72^(30 + 5) (36 + 4) (36 + 2)(36 + 1). 

The last operator can be rewritten also as 

(l-216^)(l+272)e 4 -54^(7+4322)e 3 -32(10584z+95)6 2 -482(35l2+2)e-122-28802 2 . 

In particular, one has the coefficient 

-54z(7 + 432z) 
3[Z) ~ (l-216z)(l + 27*)' 

The z-normalized Yukawa coupling K^ 3 ' is the solution to the differential equation 



dKf 27(7 + A32z) 



dz (1 -216z)(l + 27z) 



Let H be the cohomology class in H 2 (V, Z) such that (H,ji) = (H,j 2 ) — 1- Since 
if 3 = 18, we obtain the normalization condition 

K®(0) = 18. 

Applying the general algorithm in [4.3.3| , we find the g-expansion of the ^-coordinate 
z(q) = q- A8q 2 - 18g 3 + 7976g 4 - 1697115g 5 + 0(g 6 ), 
and the g-expansion of the g-normalized Yukawa coupling is 

Kf ] = 18 + 378g + 69498g 2 + 7724862g 3 + 1030043898g 4 + 132082090128g 5 + 0(g 6 ). 
We expect that 



^ 3) = 18 + Et 

j 1 -L 



n d d 3 q a 



where rid are predictions for numbers rational curves of degree d relative to the ample 
divisor of type (1, 1) on V. In paricular, one has n\ = 378. 
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7.4 Lines on a generic Calabi-Yau 3-fold in P 2 x P 2 

We show how to check the prediction for the number of lines on a generic Calabi-Yau 
3-fold in P 2 x P 2 . 

First we formulate one lemma which will be useful in the sequel. 

Lemma 7.4.1 Let M be a complete algebraic variety, £\ and £ 2 two invertible sheaves on 
M such that the projectivizations P(A) = P(H°(M, £i)) {i = 1,2) are nonempty. Define 
the morphism 

Px : P(£i)xP(£ 2 )^P(£ 1 ®£ 2 ) = P(H°(M,£ 1 ®£ 2 )) 

by the natural mapping 

A : H°(M,£ 1 )®H (M,£ 2 ) -> H°(X, d ® £ 2 ). 

Then the pullback p* x O(l) of the ample generator 0(1) of the Picard group ofP{£\ <S> £ 2 ) 
is isomorphic to (9(1, 1) on P(£i) x P(£ 2 )- 

Proof. The statement follows immediately from the fact that A is bilinear. □ 

Proposition 7.4.2 A generic Calabi-Yau hypersurface in P 2 x P 2 contains 378 lines rel- 
ative to the 0(1, 1) -polarization. 

Proof. There are two possibilities for the type of lines: (1, 0) and (0, 1). By symmetry, 
it is sufficient to consider only (1, 0)-lines whose projections on the second factor in P 2 x P 2 
are points. Let 

tt 2 : V^P 2 

be the projection of V on the second factor. Then for every point p £ P 2 the fiber ir^ip) 
is a cubic in P 2 x p. We want to calculate the number of those fibers tt 2 1 (p) which are 
unions of a line L and a conic Q in P 2 x p. The space of the reducible cubics L U Q is 
isomorphic to the image A C P 9 = P(Op2(3)) of the morphism 

P(O p2 (l)) X P(O pa (2))) = P 2 X P 5 -f P 9 = P(O pa (3)). 



By |7.4.1| , A has codimension 2 and degree 21. 



On the other hand, a generic Calabi-Yau hypersurface V defines a generic Veronese 
embedding 

. P 2 ^P 9 = P(O p2 (3)), 0(p) = 7rr 1 (p). 

The degree of the image 0(P 2 ) is 9. The number of (l,0)-lines is the intersection number 
of two subvarieties 0(P 2 ) and A in P 9 , i.e., 9x21 = 189. Thus, the total amount of lines 
is 2 x 189 = 378. □ 
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8 Further examples 



In this section we consider more examples of Calabi-Yau 3-folds V obtained as complete 
intersections in product of projective spaces. In all these examples for simplicity we restrict 
ourselves to one-parameter subfamilies invariant under permutations of factors. The latter 
allows to apply the Picard-Fuchs operators of order 4 to the calculation of predictions for 
numbers of rational curves on Calabi-Yau 3-folds with h 1 ' 1 > 1. 

8.1 Calabi-Yau 3-folds in P 1 x P 1 x P 1 x P 1 

We consider the diagonal subfamily of Kahler classes on Calabi-Yau hypersurfaces of 
degree (1, 1, 1, 1) in (P 1 ) 4 . Repeating the same procedure as for hypersurfaces of degree 
(3, 3) in P 2 x P 2 , we obtain: 





^( v (2A;! + 2A; 2 + 2A;3 + 2A;4)!\ n 


V 


9 4 - 4^(59 2 + 56 + 2)(20 + 1) + 64z 2 (26 + 3)(26 + 1)(20 + 2) 2 




48 

(1-642) (1-16,2) 


tf(3) 

q 


48 + 192g + 7872g 2 + 278400g 3 + 9445056g 4 + 315072192g 5 + 0(g 6 ) 


rii 


ni = 192, n 2 = 960, n 3 = 10304, n 4 = 147456, n 5 = 2520576 



Proposition 8.1.1 The number of lines on a generic Calabi-Yau hypersurface in P 1 x 
P 1 x P 1 x P 1 relative to the (1, 1, 1, 1) -polarization is equal to 192. 

Proof. Let / be the polynomial of degree (2, 2, 2, 2) defining a Calabi-Yau hypersurface 
V in (P 1 ) 4 . If V contains a (0, 0, 0, l)-curve whose projection on the product of first three 
P 1 is a point {pi,P2,Ps), then all three coefficients of the binary quadric obtained from / 
by substitution of (pi,P2,P3) must vanish. Hence, the number of (0,0,0,1) curves on V 
equals the intersection number of 3 hypersurfaces of degree (2, 2, 2) in P'xP'xP 1 . This 
number is 48. By symmetry, the total amount of lines on V is 4 x 48 = 192. □ 

Proposition 8.1.2 The number of conies on a generic Calabi-Yau hypersurface in P 1 x 
P 1 x P 1 x P 1 with respect to the (1, 1, 1, 1) -polarization is equal to 960. 
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Proof. By symmetry, it is sufficient to compute the number of rational curves of type 
(0,0,1,1). Let M be the product of first two P 1 in (P 1 ) 4 . Then we obtain the natural 
embedding 

: M^P 8 = P(O plxpl (2,2)). 

On the other hand, the points on M corresponding to projections of (0,0, 1, l)-curves on 
V are intersections of <j)(M) with the 6-dimensional subvariety A C P 8 which is the image 
of the morphism 

0' : P(Op lxpl (l,l)) 2 = P 3 xP 3 ^P 8 = P(Op lxpl (2,2)). 

The image <p(M) has degree 8. On the other hand, <fi has degree two onto its image. Hence, 
the subvariety A has degree 10. Hence, we obtain 8 x 20 = 160 points on M. There are 
6 possibilities for the choice of the type of conies. Thus, the total amount of conies is 
6 x 160 = 960. □ 



8.2 Complete intersections of three hypersurfaces in P 2 x P 2 x P 2 

We consider two examples of 3-dimensional complete intersections with trivial canonical 
class in (P 2 ) 3 . 

Calabi-Yau complete intersections of 3 hypersurfaces of degree (1, 1, 1): 



Fo(z) 


™( ^ ((A; + m + Z)!) 3 \ n 

k\ k+ k= n (kinrninny) 


V 


250 4 - 15^(5 + 300 + 720 2 + 84 3 + 51 4 ) 
+62 2 (15 + 1550 + 5410 2 + 8280 3 + 5310 4 ) 
-542 3 (1170 + 37950 + 43990 2 + 216O0 3 + 4230 4 ) 
+2432 4 (402 + 15860 + 227O0 2 + 13860 3 + 2790 4 ) - 59049^(0 + l) 4 


z 


90 + 162,2 
(27z- l)(27z 2 + l) 


q 


90 + 108g + 2916g 2 + 57456g 3 + 834084g 4 + 13743108g 5 + 0(q 6 ) 


rii 


m = 108, n 2 = 351, n 3 = 2124, n 4 = 12987, n 5 = 109944 



Proposition 8.2.1 A generic complete intersection of 3 hypersurfaces of degree (1,1,1) 
in P 2 x P 2 x P 2 contains 108 lines relative to the 0(1, 1, 1) -polarization. 
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Proof. Let V be the complete intersection of three generic hypersurfaces Vi, V2, V3 in 
Mi x M 2 x M 3 , where M; = P 2 . 

By symmetry, it is sufficient to consider lines having the class (0, 0, 1) whose projections 
on Mi x M 2 are points. There is the morphism 

: Mi x M 2 -> P 8 = P(E) 

where E is the space of all 3 x 3-matrices. By definition, maps a point (pi,P2) £ M x x M 2 
to the matrix of coefficents of there linear forms obtained from the substitution of p\ and 
p 2 in the equations of Vi,V2, and V3. The morphism is the Segre embedding and its 
image has degree 6. On the other hand, if a point (pi,p 2 ) £ M x is a projection of 
a (0,0, l)-curve on V, then the image 0(pi,p 2 ) must correspond to a matrix of rank 1 in 
E. Thus, the number of (0, 0, l)-curves equals 6x6 = 36, the intersection number of two 
Segre subvarieties in P 8 . So the number of lines on V is 3 x 36 = 108. □ 

Abelian 3-folds: The complete intersection of three hypersurfaces of degrees (3,0,0), 
(0,3,0), and (0,0,3) are are abelian 3-folds constructed by taking products of 3 elliptic 
cubic curves in P 2 . Although abelian varieities are not Calabi-Yau manifolds from view 
point of algebraic geometers, these manifolds also present interest for physicists. 





/((3 P )!) 3 ((3g)!) 3 ((3r)!) 3 \ n 
P+q Tr=n { (p!) 3 (g!) 3 (r!) 3 J 


V 


4 - 3^(6 + 290 + 560 2 + 546 3 + 270 4 ) 

+81^ 2 (276 2 + 546 + 40)(9 + l) 2 
-21872 3 (30 + 5) (30 + 4)(0 + 2)(0 + 1) 


q 


162 



Thus, we obtain that all Gromov-Witten invariants for the abelian 3-folds are zero 
which agrees with the fact that there are no rational curves on abelian varieties. 

8.3 Calabi-Yau 3-folds in P 3 x P 3 

Complete intersections of a hypersurface of degree (2, 2) and 2 copies of 
hypersurfaces of degree (1,1): 
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» / _ (2A; + 2m)!((A; + m)!) 2 \ n 


V 


6 4 - 4^(30 + 6 + 1)(26 + l) 2 - 4^(40 + 5) (40 + 6) (40 + 2) (40 + 3) 


z 


(l + 16z)(l-64z) 


? 


40 + 160g + 12640g 2 + 393280g 3 + 17420640g 4 + 662416160g 5 + 0(g 6 ) 


rii 


m = 160, n 2 = 1560, n 3 = 14560, n 4 = 272000, n 5 = 5299328 



Proposition 8.3.1 The number of lines on a generic complete intersections of a hyper- 
surface of degree (2, 2) and 2 copies of hypersurfaces of degree (1, 1) is equal to 160. 

Proof. Let W = Gr(2,4) x P 3 be the 7-dimensional variety parametrizing all (1,0)- 
lines on P 3 x P 3 . Let £ be the tautological rank-2 locally free sheaf on Gr(2,4). We put 
Ci(£) = Ci, c 2 (£) = c 2 , and h be the first Chern class of the ample generator H of Pic(P 3 ). 
Let S 2 (£) be the 2-nd symmetric power of £ . By standard arguments, we obtain: 

Lemma 8.3.2 The Chern classes c\, c 2 generate the cohomology ring o/Gr(2,4). The 
elements 1, Ci, c 2 , c 2 , Cic 2 , c 2 c 2 form a Z-basis of H*(Gr(2, 4), Z) ; and one has the following 

c\ = c\ = c 2 , c 3 = 2cic 2 ; 

Cl (S 2 (£)) = 3d, c 2 (,S 2 (£)) = 2cj + 4c 2 , c 3 (,S 2 (£)) = 4dc 2 . 
Moreover, for any invertible sheaf £ on P 3 ; one has 

Cl (S 2 (£)(g)C) =3d + 3d(£), 

c 2 (S 2 (£) <g> £) = 2c\ + 4c 2 + 2ci(£)(3ci) + 3c 2 (£), 
c 3 (,S 2 (£) ® £) = 4cic 2 + ci(£)(2c 2 + 4c 2 ) + c 2 (£)(3 Cl ) + c 3 (£). 

Then the number of (1, 0)-lines equals the following product in the cohomology ring of 

W: 

c 2 (£ ® 0{H)) ■ c 2 (£ ® £>(#)) • c 3 (S 2 (£) ® (9(2//)) 
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= (h 2 + Cl h + c 2 ) 2 (8h 3 + 3a ■ 4:h 2 + 2(c\ + 2c 2 ) ■ 2h + Aac 2 ) 
= (8c\c 2 h 3 + A[c\ + 2c 2 ) 2 h 3 + 2Ac\c 2 h 3 + 8c 2 2 h 3 ) 
= (8 + 4 x 10 + 24 + 8)c\c 2 h 3 = 80c 2 c 2 /? 3 . 
Thus, the number of (1, 0)-lines is 80. By symmetry, the total amount of lines is 160. □ 



Complete intersections of hypersurfaces of degrees (1,1), (1,2) and (2,1): 



Fo(z) 


00 / (2k 4- 77? W A- 4- 2m)Uk 4- mV\ 


V 


5296 4 - 23^(92 + 6216 + 16440 2 + 20466 3 + 9219 4 ) 
-z 2 (221168 + 10335286 + 17726739 2 + 13285849 3 + 3808519 4 ) 
—2z(—2( 262 + 208932W 4- 1028791H 4- 1310172H 4- 475861H ) 

-68z 4 (-976 - 16640 + 51396 2 + 140206 3 + 8873G 4 ) 
4-69362 5 (36 + 4) (36 + 2) (6 + l) 2 


z 


46 + 68^ 
(54z- 1)(^ 2 - Uz- 1) 


Q 


46 + 160g + 9416g 2 + 251530g 3 + 9120968g 4 + 289172660g 5 + 0(g 6 ) 


Hi 


m = 160, n 2 = 1157, r? 3 = 9310, n A = 142368, n 5 = 2313380 



Proposition 8.3.3 The number of lines on a generic complete intersections of hypersur- 
faces of degrees (2, 1), (1,2), and (1, 1) is equal to 160. 



Proof. We use the same notations as in |S.3.1| . The number of (1, 0)-lines equals the 
the following product in the cohomology ring of W: 

c 2 (£ <g> 0{H)) ■ c 2 (£ ® 0(2H)) ■ c 3 (S 2 (£) <g> 0{H)) 

= (h 2 + ah + c 2 ) • (Ah 2 + 2 Cl h + c 2 ) • (h 3 + 3ah 2 + 2[c\ 4- 2c 2 )h + 4cic 2 ) 
= (24c 2 c 2 + 2(5c 2 + 2c 2 )(2c 2 + c 2 ) + 9c 2 c 2 + c\)h 3 
= (24 + 2(5 + 10 + 4 + 4) + 9 + l)c\c 2 h 3 = 80c 2 c 2 /? 3 . 

Thus, the number of (1, 0)-lines equals 80. By symmetry, the total amount of lines is 160. 

□ 
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Hypersurfaces in product of two Del Pezzo surfaces of degree 3: 

A Calabi-Yau hypersurface in product of two Del Pezzo surfaces of degree 3 is a complete 
intersections of (1, 1), (3,0) and (0, 3)-hypersurfaces in P 3 x P 3 . 





°° / _ (3kV.(3m)\(k + m)\\ 


V 


O 4 - 3z(4 + 230 + 530 2 + 6O0 3 + 480 4 ) 
+92 2 (304 + 13440 + 23190 2 + 198O0 3 + 8730 4 ) 
-162^(800 + 33480 + 52590 2 + 38880 s + 12690 4 ) 
+2916z 4 (688 + 29520 + 46530 2 + 3240O 3 + 8910 4 
-14171762 5 (30 + 4)(30 + 2)(0 + l) 2 


K f) 


54 - 972^ 
(1 -54s)(l -27z) 2 




54 + 162g + 7290g 2 + 119232g 3 + 3045114g 4 + 79845912g 5 + 0(q 6 ) 


rii 


ni = 162, n 2 = 891, n 3 = 4410, n 4 = 47466, n 5 = 638766 



Proposition 8.3.4 Let Si, S 2 be two Del Pezzo surfaces of degree 3. Then the number of 
lines on a generic Calabi-Yau hypersurface V in Si x S 2 is 162. 

Proof. If C is a line of type (1, 0) on Si x S 2 , then tti(C) is one of 27 lines on Si, and 
7i 2 (C) is a point on S 2 . Let Os^—K) denotes the anticanonical bundle over Si. Then the 
zero set of a generic global section s of nlOs 1 (— K) ® n 2 Os 2 (—K) defines a morphism 

: S 2 ^P 3 = P(0 Sl (-K)). 

On the other hand, for any line L G Si, one has the linear embedding 

0' : P(0 Sl (-K - L)) = P X -^P 3 = P(0 Sl (-K)). 

The intersection number of Im0 and Im0' in P 3 equals 3, i.e., one has exactly 3 lines C on 
a generic V such that 7Ti(C) = L and 7r 2 (C) is a point on S^. Thus, there are 3 x 27 = 81 
lines of type (1, 0) on V. By symmetry, the total amount of lines is 162. □ 

Proposition 8.3.5 Let Si, S 2 be two Del Pezzo surfaces of degree 3. Then the number of 
conies on a generic Calabi-Yau hypersurface V in Si x S 2 is 891. 
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Proof. If C is a conic of type (1, 1) on S\ x S 2 , then L\ = iti{C) is one of 27 lines 
on Si, and L 2 = 7T 2 (C) is one of 27 lines on S 2 - On the other hand, for any pair of lines 
Li E Si, L 2 G S 2 , the intersection of the product L x x L 2 C Si x S 2 with V is a conic of 
type (1, 1). So we obtain 27 x 27 = 729 conies of type (1, 1) on V. On the other hand, 
the number of (2, 0) and (0, 2) conies is obviously equals to the number of (1, 0) and (0, 1) 
lines. Thus, the total number of conies is equal to 729 + 162 = 891. □ 

8.4 Calabi-Yau 3-folds in P 4 x P 4 

Complete intersection of hypersuraces of degrees (2,0), (0,2), and 3 copies of 
hypersurfaces of degree (1,1) : 





~ / ((A; + m)!) 3 (2A;)!(2m)!^ 

h \ k hn (*o 5 H) 5 j 




V 


250 4 - 20,2(5 + 300 + 720 2 + 84 3 + 36 4 ) 
-16^ 2 (-35 - 700 + 710 2 + 268 3 + 181 4 ) 
+2562 3 (0 + 1)(165 + 3750 + 2480 2 + 370 3 ) 
+1024z 4 (59 + 2320 + 3310 2 + 1980 3 + 390 4 ) + 32768,2 5 (0 + l) 4 


2 


80 + 128z 
(1 + Az)(l - Az)(l - 32z) 


q 


80 + 128g + 3776g 2 + 65792g 3 + 1299136g 4 + 23104128g 5 + 0(q e ) 


rii 


ni = 128, n 2 = 456, n 3 = 2432, n 4 = 20240, n 5 = 184832 



Proposition 8.4.1 The number of lines on a generic complete intersections of hyper- 
suraces of degrees (2,0), (0,2), and 3 copies of hypersurfaces of degree (1,1) is equal to 
128. 

Proof. Let W = Gr(2, 5) x P 4 be the 10-dimensional variety parametrizing all (1, 0)- 
lines on P 4 x P 4 . Let S be the tautological rank-2 locally free sheaf on Gr(2,5). We put 
Ci{£) = Ci, c 2 {£) = c 2 , and h be the first Chern class of the ample generator H of Pic(P 4 ). 
Let 5* 2 (^)) be the 2-nd symmetric power of £. Again, by standard arguments, we obtain: 

Lemma 8.4.2 The Chern classes ci, c 2 generate the cohomology ring o/Gr(2, 5). The ele- 
ments 1, Ci, c 2 , c 2 , Cic 2 , c\, c\c 2 , c\, Cic 2 , c\ form a Z-basis of if*(Gr(2, 5), Z), and satisfy 
the following relations 

c-^c 2 = i 2c-^c 2 = 2c 2 , = 5c^c 2 , = <Sc-^c 2 — 5c 2 , c 3 c 2 = 2c^c 2 . 
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W: 



Then the number of (1, 0)-lines equals the following product in the cohomology ring of 

Cl (0(H).(c 2 (S 2 (£)) s -c 3 (S 2 (£)) 

= (2h) ■ (h 2 + Cl h + c 2 f ■ (4 Cl c 2 ) = Uc\c\h A . 
Thus, the number of (1, 0)-lines is 64. By symmetry, the total amount of lines is 128. 



□ 



Complete intersection of 5 hypersurfaces of degree (1,1): 



Fo(z) 


h \ k hn (*o b m) 5 ) 


V 


499 4 - 7z(U + 919 + 2349 2 + 2869 3 + 1559 4 ) 
-2 2 (15736 + 660949 + 1022619 2 + 6800449 3 + 161059 4 ) 
+8^(476 + 37599 + 90719 2 + 85899 3 + 26259 4 ) 
-16z 4 (184 + 8069 + 14399 2 + 12669 3 + 4659 4 ) + 512;z 5 (9 + l) 4 


z 


70 - 402 
(32z-l)(z 2 - llz-1) 


g 


K q (q) = 70 + 100g + 5300g 2 + 79750g 3 + 1966900g 4 + 37143850g 5 + 0(g 6 ) 


rii 


n x = 100, n 2 = 650, n 3 = 2950, n 4 = 30650, n 5 = 297150 



Proposition 8.4.3 A generic complete intersection of generic 5 hypersurfaces of degree 
(1, 1) in P 4 x P 4 contains 100 lines. 



Proof. We give below two different proofs of the statement. 

I: We keep the notation from the proof of |3.4.1| . Then the number of (1, 0)-lines equals 
the following product in the cohomology ring of W: 



(c 2 (S 2 (£)) 5 = (h 2 + Cl h + c 2 y 



{cxh + c 2 )65 + h(cth + c 2 )Uh 2 + 10( Cl h + c 2 ) 3 h 4 = 5c\c 2 h A + 5(1 c 2 c 2 /i 4 + 10c 3 /i 4 



(5x2 + 5x6 + 10)c 4 c 2 /i 4 = 50c 2 c^ 4 
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Thus, the number of (l,0)-lines is 50. By symmetry, the total amount of lines is 100. 

II: Let M = Mi x M 2 where M{ = P 4 (i = 1,2). By symmetry, we consider only 
lines of type (0, 1) whose projections on M 1 are points. The substitution of a point p e 
Mi in the equations of the hypersurfaces H 1 , . . . , if 5 C M gives 5 linear forms fi, . . . , f 5 
in homogeneous coordinates on M 2 . A point p £ M 1 is a projection of a (0, l)-line on 
Hi n • • • n if 5 if the system of linear forms has rank 3. The space of 5 copies of linear 
forms can be identified with the space L of matrices 5x5. We are interested in the 
determinantal subvariety D in P 24 consisting of matrices of rank < 3. The subvariety 
D has the codimension 4, the ideal of D is generated by all 4 x 4 minors. Using the 
free graded resolution of the homogeneous coordinate ring of D as a module over the 
homogeneous coordinate ring of P 24 , we can compute the degree of D which is equal to 50 
(The Hilbert-Poincare series equals (1 + At + 10t 2 + 20t 3 + 10t 4 + 4t 5 + t 6 )/(l - 1) 21 ) . On the 
other hand, the equatons of generic hypersurfaces Hi, . . . , H 5 define a generic embedding 

p4 ^ p24 

of P 4 as a linear subspace. So the number of lines of type (0, 1) on a generic complete 
intersection is 50. Thus, the total number of lines is 100. □ 

Hypersurfaces in product of two Del Pezzo surfaces of degree 4: 

A Calabi-Yau hypersurface in the product of two Del Pezzo surfaces of degree 4 is a 
complete intersection of 5 hypersurfaces in P 4 x P 4 : two copies of type (2,0), two copies 
of type (0, 2), and one copy of type (1,1). 





~ / ((2A;)!) 2 ((2m)!) 2 (A; + m)!\ _ n 


V 


90 4 - 4z(Q + 330 + 736 2 + 8O0 3 + 640 4 ) 
+ 128^ 2 (75 + 3150 + 5270 2 + 44O0 3 + 1940 4 ) 
-40962 3 (66 + 2610 + 3970 2 + 2880 3 + 940 4 ) 
+ 1310722 4 (19 + 770 + 1170 2 + 8O0 3 + 220 4 ) - 83886O82 5 (0 + l) 4 




96 - 1024^ 
(1 -32z)(l - 16z) 2 


q 


96 + 128g + 3456g 2 + 38144g 3 + 572800g 4 + 9344128g 5 + 0(q 6 ) 


rii 


ni = 128, n 2 = 416, n 3 = 1408, n 4 = 8896, n 5 = 74752 
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Proposition 8.4.4 Let Si, S2 be two Del Pezzo surfaces of degree 4. Then the number of 
lines on a generic Calabi-Yau hypersurface V in S± x S2 is 128. 

Proof. If C is a line of type (1, 0) on Si x S2, then 7Ti(C) is one of 16 lines on Si, and 
7T2(C) is a point on S 2 . Let Os t {~K) denotes the anticanonical bundle over Si. Then the 
zero set of a generic global section s of 7r*C?5 1 (— if) <E> tt^C^ ( — ^0 defines a morphism 

; 5 2 ^P 4 = P(0 5l (-if)). 

On the other hand, for any line L G Si, one has the linear embedding 

0' : P(0 Sl (-K - L))-P 2 ^P 4 = P(0 Sl (-K)). 

The intersection number of Im0 and Im0' in P 3 equals 4, i.e., one has exactly 4 lines C on 
a generic F such that 7r 1 (C) = L and 7r 2 (C) is a point on Thus, there are 4 x 16 = 64 
lines of type (1, 0) on V. By symmetry, the total amount of lines is 128. □ 

Proposition 8.4.5 Let Si, S2 be two Del Pezzo surfaces of degree 3. Then the number of 
conies on a generic Calabi-Yau hypersurface V in Si x S 2 is 416. 

Proof. If C is a conic of type (1, 1) on Si x S 2 , then L x = 7r 1 (C) is one of 16 lines 
on Si, and L 2 = ^(C) is one of 16 lines on S 2 . On the other hand, for any pair of lines 
Li G Si, L2 G S2, the intersection of the product L\ x L2 C Si x S2 with V is a conic of 
type (1, 1). So we obtain 16 x 16 = 256 conies of type (1, 1) on V. 

In order to compute the number of (2, 0)-conics, we notice that Si has exactly 10 of 
conic bundle structures. Moreover, these conic bundle structures can be divided into 5 
pairs such that the union of degenerate fibers of each pair is the set of all 16 lines on Si. A 
generic global section s of 7rj'C?s 1 (— K) <g> ^Os 2 {—K) defines the anticanonical embedding 

; S 2 ^P 4 = P(0 Sl (-K)). 

On the other hand, the points p G S2 such that <fi(p) splits into the union of two conies 
Ci U C2 are exactly intersection points of 0(S 2 ) and the image of the embedding 

0' : P(0 Sl (Ci) x 5l (C 2 ) = P 1 x P 1 - P 4 = P(0 Sl (-K)). 

Since the image of 0' has degree 2, we obtain 8 points p G S2. Each such a point yields 
2 conies on ^^(p). Therefore, for each of 5 pairs of conic bundle structures we have 16 
(2, 0)-conics. 

Thus, the total number of conies is equal to 256 + 2 x 80 = 416. □ 
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